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Radial Equation [——

Scattering Theory
W d_z+l(l+1)flz +V(V)j|“(r) :Eu(r)

2m dr’ 2’

Boundary condition (0) =0
Solution for free particle 2 (kr)Y,, (6.9)
Particle current ]zi(w*vw—wy/*) =£Im(¢/*v://)

2mi m
Bessel function Ji (%)= (1) &' (L) sine
lim j, (x (x)= —s1n(x 1%)
%E}(} ]1 ( ) 21+1 TR

Free Wave expansion ¢* Z (21+1) j, (kr) P(cos )
=0

Partial Wave appr. limu,, (r)=sin(kr—1%+6))

Limiting condition Z(l + 1) > kr;,

where 7, is the potential effective distance

Scattering Amp. £ (6)= %i(zln)e""? sind, - P (cos 0)

1=0

Differential Cross section do/dQ = ‘ f (0)‘2

Total Cross section o, = %Z (20+1)sin* 6,

Born Approximation f (6)=

4 —11 3
27rh2J-V e dr

where c}:l; —1; |é|=2ks1n—

Central Pot.  f(0)= —7 r-V(r)sin(gr)dr
q

condition

0

TV(r)(e”’" ~1)dr|<1

m.
K |}

Time-Independent Perturbation Theory

Perturbation H= ﬁo +W W<H,
while H,|p,)=E)lp,)  Hly,)=E,|v,)
First Order E, =E!+(p, 7|0,

¢n>+z< | |¢’>

k#n n

v,)=N

@)

(ylelle)

n k

Second Order E =E’ +<

Degenerate states  diagonalize the perturbation in
each state’s degeneracy subspaces, one by one. If the
Operator of the degeneracy commutes with the
perturbation than the perturbation is diagonal &
Perturbation theorv gives exact results.

(
<k1m|,-{|klm>:%;2 <lm| IkZM> (H%)
<

Useful Relations
Y (7=0.9+7)=(-1) 7, (6.9)
Y, (2=0.9)=(-1)"",,(0.9)
Y, =(=1)"Y,

(
Y, (0.¢+7)=(-1)"Y,,(6.9)

m

Kl || ki) = s

1 5(3 1
] Y, =, —| —cos" 8-—
iy : 47\ 2 2
3 15 .
—,|— sin Be Y, =—,|—sin&cos e
87 87
3 1 |15 ,
\[— cos @ Y, =—,/—sin’ 6™
4 4\ 27

Time Dependent Perturbation Theory

j' ') e dt’
0
Vo=(p, 1V (7.0)0)

Conditions \Vﬁ\«\E_f—Ei\ I-order: P, <1

Adiabatic Theorem short perturbations are felt like
delta  functions, while slowly changing
perturbation will not follow with transition.

v, 2 sin? (w o t)
4’ ( ooy )
2

Conditions  t> ﬁ ‘Vi‘t <h
Ji

Vﬁ‘z p(Ef)

where p(E f) is energy density of final state

2

Transition probability

where o, =%(Ef —E

Sinusoidal Perturbation Pﬁ =~

Fermi’s Golden Rule R,=2F

Atomic Transitions
Electric Dipole Vop =—2% p.sinot

mao

(L, +28S,)coswt

Magnetic Dipole Vo =

2 mc

Electric Quadrupole V,,, =—5= ( yp. +zp, )COS wt

Selection Rules

The Integral J-Yl Y, dQ#0 only if

my = Lymy " m

1) m, =m, +m,
2) triangle can be created from /,,/,,/,
3) parity: L +1,—1I, =even

Useful Relations for field polarization calculus

x:—% ST”[YM_YH]F y=- \/E[Y +Y,

z=*%r-Y, —"”[H r]




Angular Momentum Hydrogen Atom

Rotation Operator R, ()= exp( gl ﬁ) Fine structure constant o =< =L
Orbital Angular Momentum L=Fxp Bohr radius g =27 = ez
L=yy.-pz L =2zp,—px L =xp, —py Energy levels E, =—imc’a’L
h ) 0 cose O h sing 0 . . ,
L =—|-sinp—-— — | L, =—|cosp—~— — Radial Functions R(r)=N-r'g naP, (1)
i 00 tané Op i 00 tanf Op ’
2 2 — -% - — v r "I
he . [ 1 a1 Ro=2a,"¢w R,=2(2a)" (1= )e
i Op 06’ tanf 06 sin’ 6 d'p y
s T _ n-1 *%
. - 5 = R2,1 = %(2a0) Ze ’ Rn,n—l - C]" e
Spin operator S=30

Interaction Hamiltonians + Corrections
Pauli tri _01 _O—i _1 0 e —»alaV(l")
awitmatriees o= o) %7\ o) “7lo —i) | Spin-Orbit Coupling H,, = L-S

2m’c? r or
2
prop. I:Uiﬁo-j} 2igy0; {Uwo-j} =29, Hydrogen Hg, = e2 5 ES%

0,0,=0; ti;o F_7.1
e . I Latmm /T
iy Correction AE, =—mc™ — | ) |
Rotation. prop. e """ =cos%—iG-nsin% 4 m G =/-1
Ladder Operators J, =J, tiJ, Weakly Relati;'istic c40rrection
P p 1 2
E =£ _ =— -
JP=JJ +J 7+, K= om 8mc ., 2mc? (H,=V)
h\/ i(j+D)—m(m=xl)|j +1> Correction AE ! me? & 13 2
= —m(m=* ,mt == — | =—-
7 / "4 no|2n I+1
Commutation relations ~ —\2
Electromagnetic interaction /4, =5 ( p—L1A4) +qo
(.7, |=if-e,J, (7,77 ]=0 e - I
/ i firstorder H,=—+(L+25)=w,(L+25)-B
_ 2 _
[Jz"]i] =+hJ, [J ,JJ =0 Larmor frequency — @, = —=-
R ] AE, =M, 1+ =[+1
Spin addition F=J+J, Correction 0] h( ZM) J=1%3
for weak fields H, < Hy,
J:|j1_jz|---(j1+jz) M =m +m, K .
. Identical Particles
relations JP =0+ 5+ 20, Permutation Operator P, 19;20,) = 19,;2¢,)
J? :J12 +J22 +2le‘]22 +J1+J27 +J17J2+ prop. P;l =le Pzz1 =1 eigenvalues:il

o Tensor multiplication <1a;2b |1c; 2d> = <1a | lc><2b | 2d>
Jl'Jz:J1ZJ2Z+%(J1+J2—+J1—J2+) R 1
Symmetrizer S=— Z P,

Spin states representation NI7Z

|l+§,m>:ﬁ[ /71+m+%|m_%’§>+ /—l—m+§|m+§,—§>] N t.Stwopatrt.icles S=%(1+PM) (normalized)
nti-Symmetrizer
1=tmy == Jrematmet =) = fi-m+ [ m =L, 2) ]

R 1 1 even permutation
A=—Yep o - S
1 l+m+37Y | N7 -1 odd permutation
¥, =——R,(r 2 : qeL -
ek = o (r) mily two particles =7 (I-P,) (normalized)
Spinors Z Proprieties S'=5=S A'=4=4 A4S=84=0
v 1 ) —Jl-m+3 Y -t Symmetrization postulate a physical system of
- R (r . . . . .
Kl+Lm kz identical particles can be either completely symmetric or
’ N2I+1 / . .
L+m+s completely anti-symmetric.




32. Clebsch-Gordan coefficients 1

32. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS

J o J

Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15.  Notation:

[ 11 m m
1/2x1/2 +i — o 3 P = ro2
=/ ;- Ccos X m; m ici
|rv2+u2] 1] o o ! 4m 2x1/2 5252 32 1 Mz | Coefficients
U2 —U2(U2 121 3 o x2_y2] 12 +3/2 o
-1/2 +1/2[1/2-1/2]-1 Yl1 = /= sinfe® +2 -1/2|15 45] 52 32
|-v2-12 87 +1 +1/2|4/5 -1/5 |+1/2 +1/2
5 /3 1 +1-1/2| 2/5 3/5| 5/2 3/2
0_ /2 (202 2
Yy =y ( cos” ) 0+1/2| 35 -25]-12-12
1x1/2 [32 dm 2 2
+3/2l 312 12 5 . 0-1/2| 3/5 2/5| 5/2 32
[+1 +v2] 1]rv2+12 Ygl = — /22 sinfcosf et -1 +1/2| 2/5-3/5]-3/2 -3/2
+1-12| U3 23| 32 v2 8w 32x12 |G—x | Y2| ¥5 us] S
_U3al-15 - -2 +1/2| 1/5 -4/5|-5/2
0+1/2| 2/3 -1/3|-1/2-1/2 1 /15 .
v2 = =, /22 4in2p 20 [#3/2 +1/2] 1]+1 +1 >
— sin“fe 2 -12 1
0-12] 213 w3| 32 2 =3\ om
-1 +1/2| 1/3-2/3|-3/2 +3/2 -1/2(1/4 3/4] 2 1
ox1[3 — +1/2 +12[314-14] 0o o0
+3| 3 2 3/2x1 +gf§ =7 32 +1/2-1y2ju2 w2l 2 1
[72+1] 1] +2 +2 (271 1l|+3i2 32 —y2+12(u2 -2 -1 -1
+2 0[1/3 2/3 3 2 1 +3/2 o] 215 3/5]| 5/2 3/2 1/2 -1/2-1/2|3/4 1/4] 2
+1 +112/3 -1/3] +1  +1  +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4]-2
+2-1|11/15 1/3 3/5 +3/2-1[1/10 2/5 12 |-3r2-12] 1
1x1 ]2 +1 ol8/15 ve6-3/10| 3 2 1 +1/2 0| 3/5 115 -13| 512 32 w2
2] 2 1 o+1l6/15 -1/2 /10| o o 0 -1/2+1(3/10 -8/15 1/6|-1/2 -1/2 -1/2
freaf 1)+ +1-1|U5 1/2 3/10 +1/2 -1[3/10 8/15 1/6
+1 oly2 v2[ 2 1 o 0 035 o0 -25| 3 2 1 -1/2 0| 3/5 -1/15 -13| 52 312
o+ify2-1/2] 0 o0 0O -1+1|1s5 -1/2 310 -1 -1 -1 -3/2+1|110 -2/5 v2}|-32 -32
+1-1|1/6 1/2 1/3 0-1/6/15 1/2 1/10 -1/2-1| 3/5 2/5|5/2
0o o3 o-u3]l2 1 -1 ole/15 -1/6-3/10| 3 2 -3/2 0| 2/5 -3/5}-5/2
-1+1|U6-12 U3|-1 -1]| -2 +1|115 -1/3 35| 2 -2 [32-1] 1
o o-1j/2 12| 2 —1-1|23 13| 3 — —
Y, "= (=0"Y™ -1 olyz-vz)-2 . -2 o|y3-23|-3 (j1jamima|j1je M)
s - S
— — 4 —q o, — — _ J7 — . N - . y
SR o= —2£+1Y(’,m6 im$ |2 -1] 1 = (1) 1792(jajymomy |joj1 JM)
J _ (_1ym—m/ gJ _gJ 3/2x3/2] 3 0 1+ cosf
dm’,m*( 1) dm,m’fdfm,fm’ +3] 3 2 d(l)OZCOSG diglﬂzcos— d%lz—
[Ferz+a2] 1]+ + ’ ' 2 ’ 2
2x3/2 |72 +32+12| v2 v2| 3 2 1 1/2 b 1 _  sinf
724 772 52 +02+32| y2-12] +1 41 41 dijpayp = 750G dio="-
F2wai2] 12452 A ' V2
EYP
+2+12\ 37 47 712 512 32 +1/2+i/2 %/g 10 —2/15 3 2 1 0 1 1 —cosf
t1+3/2) 417 -3/ 7|32 +3/2 +3/2 -12+3/2|U5-1/2 3/10] 0 0 0 0 1=
+2-1/2| 1/7 16/35 2/5 +3/2 -3/2(1/20 14 9/20 1/4
+1 1/2| 47 135 -2/5| 72 52 32 12 12 12 |9/20 U4-120-1/4
2)(2 3 7 3 0 3/2| 2/7-18/35 1/5) +1/2 +1/2 +1/2 +1/2 —1/2 +1/2 |9/20 -1/4-1/20 1/4 3 2 1
21 +3 +3 +2-3/2| 1/35 6/35 2/5 2/5 -3/2 +3/2 |1/20 -1/4 920-1/4) -1 -1 -1
+1-1/2|12/35 5/14 0 -3/10 232 Us U2 310
242 vz 4 3 2 0 v2l18/35 -3/35 -ys us| w2 s2 2 w2| |5-45 38 o sl 3 2
H142|U2-12|+2  +2 +2 -1 3/2| 4/35-27/70 2/5 -1/10 | -12 -1/2-1U2 -V2| | _3541/2| Us-1/2 310l -2 -3
+2 0[3/14 12 27 +1 -3/2|4/3527/70 2/5 1/10 . -
+1 11 47 0-3/7 4 3 2 1 0 -1/2118/35 3/35-1/5 -1/5 _;j; _‘32 1;5_1;2 _2
0 2[3/14-12 2/7] +1 +1 +1 +1 -1 1202/35 -5/14 0 3/10| 772 5/2 3/2
> 1lU12 310 37 Us -2 3/2|1/35-6/35 2/5 -2/5)-3/2 -3/2-3/2 Fa2-a2
+1 0| 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 -1/2| 417 -1u35-2/5] 7/2 5/2
-1 2(1/14-3/10 3/7 -1/5 0 0 o0 0 o0 > Yol u7-16/35 o8| -512 82
+2 -2 | 1/70 1/10 2/7 2/5 1/5 -1-3/2| a7 37| 72
+1 -1 | 835 2/51/14-1/10 -1/5 -2-12| 37 -47)-72
0 0 [18/35 0 -2/7 0 15
-1 1|83 -2/51/14 1/10 -1/5] 4 3 2 1 -2-3/2| 1

B2 1+c089COS§ -2 2 |v70-v10 2/7 -2/5 U5 -1 -1 -1 -1

3/2,3/2 2 2 +1 -2[1/14 3/10 3/7 15
208 14 cosf\2 0 -1| 3/7 15-1/14-3/10

a3? :—ﬁwsmg d3, = <7) -1 0| 3/7 -15-1/14 3/10] 4 3 2
3/2,1/2 2 2 ’ 2 -2 1|v14-310 37 -uUs| -2 -2 -2
3/2 _ pal—cosf 0 g2, _ _Ltcost . 0 20314 U2 27

dyjg _1jp = V3= —cos3 21 -1 -1 47 o-37[ 4 3

1+ cosf -2 0l3/14a-12 27| -3 -3
3/9 1—cosf . 6 V6 . 2 _ 0 —

d:3/2 g9 = ————sing d%oz Y= sin?6 dl,l - 2 (2cosf —1) -1 -2 |u2 12| 4
3/2,-3/ 2 2 , 4 -2 -1|v2-12]|-4
3/2 3cosf —1 0 9 1—cosf . 42— 3 . [~ 2|1

_ s 2 - _ é [4 1= —4/= sin® cosf

d 172,12 2 cos 3 d27_1 3 sin 6 1,0 2
3/2 ~ 3cosf+1 . 0 9 (1 —cos0\2 9 _ 1—cosf o (3 5 1

dl/z,—1/2_7f sin 5 d3 _o= (T) dl?il—?(QCOSQJrl) dgo= (5 cos 97§>

Figure 32.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.





